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STOCHASTIC PROCESSES

Basic concepts

Often the systems we consider evolve in time and we are interested in their dynamic
behavior, usually involving some randomness.

e the length of a queue
e the number of students passing the course “computer networks” each year
e the temperature outside

e the number of data packets in a network



Random Variables

« Random variables map the outcome of a random experiment to a number.




Stochastic (Random) Processes (movement)

Stochastic Processes map
the outcome of a random
experiment to a signal
(function of time).

signal associated
with the outcome:

sample function \

//\/ r

Y
ensemble

J

A stochastic process evaluated at a
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Typical ensemble members for four random processes commonly
encountered in communications (a) thermal noise (b) uniform phase. (c)
Rayleigh fading process and (d) binary random data process.



STOCHASTIC PROCESSES

A stochastic process X.(&)(or X(t, &)) is a family of random variables indexed by a

parameter t (usually the time).
a random variable for each fixed t

X(t $)
X(t, &) a sample path ’
X(t, 52) ‘\ “‘m

t time



STOCHASTIC PROCESSES

Basic notions

Formally, a stochastic process is a mapping from the sample space S to functions of t. With
each element ¢ of S is associated a function X,(¢).

e For a given value of &, X(£) is a function of time ("a Iottgry F'Cket e with a plot of
(this is a sample path) a function is drawn from an urn”)

(ensemble : X,(¢) for all outcomes of sample space ¢)

e For a given value of t, X,({) is a random variable

({X.(¢)} for different t): this view is a collection of RVs and
thus RP is defined by all joint CDFs for all possible set of times.

e For a given value of ¢ and t, X,(¢) is a (fixed) number

The function X(¢) associated with a given value ¢ is called the realization of the stochastic
process (also trajectory or sample path).




Classification of Stochastic Processes

State space: the set of possible values of X,

Parameter (e.g. time) space: the set of values of t

Stochastic processes can be classified according to whether these spaces are discrete
or continuous:

time, Index set T
Discrete Continuous
Discrete Discrete-time Continuous-time
State/Sample Space stochastic chain | stochastic chain
I Continuous Discrete-time Continuous-time
continuous-state | continuous-state
process process

* discrete-state process =2 chain

* discrete-parameter (e.g. discrete-time) process = stochastic sequence {X | n € T}
(e.g., probing a system every 10 ms.)



STOCHASTIC PROCESSES

Example 1. A random process is of the form of sinusoid x(n) = Acos(nw, )
where AeQ ={1,2,.., 6 }, the amplitude is a random variable that assumes

any integer number between one and six, each with equal probability
Pr(A=k)=1/6 (k=1, 2, ..., 6).

This random process consists of an ensemble of six different discrete-time
signals x,(n) ,

x,(n) = cos(nw,) , X, (n) = 2cos(nwy) , ... xg(n) = 6cos(nw,) ,
each of which shows up with equal probability.



STOCHASTIC PROCESSES

Question: Given a random process x(n) = A(n) cos(nhw,) , where the
amplitude A(n) is a random variable (at instant n) that assumes any integer
number between one and six, each with equal probability, how many
equally probable discrete-time signals are there in the ensemble?



SP-view 1 —collection of waveforms- Analytic description

A random process as in the

figure has an ensemble of Sample Space X (n)

different discrete-time TH* $ REREE

signals, each occurring T T DI

according to a certain x4n)

probability. From a sample B y_,_f?] IEERE _

space point of view, to each ol A "

experimental outcome x(n)

w; in the sample space, a0 vl

there is a corresponding SR l

discrete-time signal x,(n) X (n) _

(i.e. sample path). SRInIENAER .,
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SP-view 2 —Sequence of RVs- Statistical description

at a certain fixed’ time instant n, e.g., n = n,, the signal value x(n, ) is a RV
that is defined on the sample space and has an underlying CDF and pdf

Fine) (@) = Pr{x(ny) < a},
and

fx(no) (a) = dfx(no) (a)/da

for a different n,, x(n,) is a random variable at a different time instant.
Therefore, a discrete-time random process is an indexed sequence of
random variables x(n) that is an ensemble of elementary events x,(n) at n.



STOCHASTIC PROC ESS

One particular realization of the random process {X(#)}
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In considering stochastic processes we are often interested in quantities like:

e Time-dependent distribution: defines the probability that X, takes a value in a
particular subset of S at a given instant t

e Stationary distribution: Stationarity refers to time invariance of some, or all,
of the statistics of a random process, such as mean, autocorrelation, n-th-

order distribution (We define two types of stationarity: strict sense (SSS) and wide
sense (WSS))

e The relationships between X, and X, for different times s and t (e.g.
covariance or correlation of X, and X,)

e Hitting probability: the probability that a given state is S will ever be
entered

e First passage time: the instant at which the stochastic process first time
enters a given state or set of states starting from a given initial state




Description of Random Processes
(Stochastic Process Characterization)



Stochastic Process Characterization

* two types of descriptions:
* analytic expressions
* If the random process can be viewed as a collection of signals,

In this description, analytic expressions are given for each sample in terms of one or
more random variables; i.e., the random process is

given as X(t) = f (t; w) where w = (w{, w,, ..., w,)is, in general, a random vector
with a given joint PDF. This is a very informative description of a random process
because it completely describes the analytic form of various realizations of the process.

e statistical description
For real-life processes, it is hardly possible to give such a complete description.

If an analytic description is not possible, a statistical description may be appropriate.
Such a description is based on the second viewpoint of random processes, regarding
them as a collection of random variables indexed by some index set.




Stochastic Process Characterization- statistical description

* Definition 6.1. A complete statistical description of a random process X(t)
is known if for any integer n and any choice of (t,, t,, ..., t,) € R" the joint PDF
of (X(t,), X(t,), . .., X(t))) is given.
* If the complete statistical description of the process is given, for any n the joint density
function of (X(t,), X(t,), . . ., X(t,)) is given by
F(x;t) = Fx(ey,.. xctn) (X1 0 Xn) = PX (1) < xq, 0, X (En) < 2}

* Definition 6.2. A process X(t) is described by its Mth order statistics if for all n
<Mandall(t, t, ..., t)€R"thejoint PDF of (X(t,), X(t,), ..., X(t,)) is given.

* important special case:
M = 2, in which second-order statistics are known. This simply means that, at each
time instant t, we have the density function of X(t), and for all choices of (t,, t,) the
joint density function of (X(t,), X(t,)) is given.



Stochastic Process Characterization- full description-n-th order statistics

* The n'" order statistics of a stochastic process X, is defined by the joint
distribution

F(x;8) = Fx(eyy,.. x(tn) X1 o Xn) = P{IX (&) < xq, ., X (&) < X}
where,

X = (X1 0., Xp)ER"

and

t=(t;,.., ty)eT™

A complete characterization of a stochastic process X, requires knowing the
stochastics of the process of all orders n.



Stochastic Process Characterization- full description-n-th order statistics

Once fx) (x) is known, we might compute the probability of various events.

E.g., we might calculate the probablllty of the random process X (t ) passing
through a set of windows as shown in the Fig.

Let A be the event:

A={s:a; < X(t1) < by, a, <X(ty) < by, a3 <X(t3) < b3, }

That is, the event A consists of all those sample points {s;} such that the
correspondlng sample functions {x{t)} satisfy the reqwrement a; < X; (t;)
< b;, fori=1, 2, 3. We need to calculate P (A) .

A typical sample function which
would contributeto P (A )
is shown in the same figure.




Stochastic Process Characterization- full description-n-th order statistics

P (A) can be calculated as

b |t
P(A) = [ [ fg (x) d x BER
1 2 | | ..‘! fz ,,r \‘_‘.____._..- __33 -~
where x (t) = X(t,) X(t,), X(t5), 0 b N2/ 6|
anddx=dx; dx,dx, Ta

The above step can be generalized to the case of a random vector with n-
components.

This complete description of RP is virtually impossible to use for practical
applications!

Usually make do with 15t and 2" order PDF’s:



Stochastic Process Characterization- full description-1st order statistics

1st order statistics: F(xy; t1) = Fx(t,)(x1) = P{X(t1) < x4}
1st order statistics can be characterized (but not necessarily completely) by two parameters

mean and variance

 The expected value, ensemble average or mean of a RP at time t is:

X, = E[X] =my,(t) = fjooo xep(x¢)dx

Mean: shows “center of concentration” of possible values of x(t) as a Function of time in

general

» Variance of X(t)

gy = E[(x(t) —m,(£))?] = j (x(t) — my(£))*p(xe)dx

Shows a measure of expected range of variation
around the mean, as a function of time in general

Q: What does the 1st order PDF’s tell us ?

Ans: 1st order F(xq;t,) tells, as a function of time, what
values are likely and unlikely to occur (tells the likelihood
of values occurring at each given time)

X(t)

N\

[N

/NN
AW

Hy

time, t
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Stochastic Process Characterization- full description-2nd order statistics
2nd order statistics: F(xq, x2; t1, t1) = Fx(t,)x(e,) (X1, X2) = P{X(t1) < x4, X (t3) < x5}
we want sth to capture most of the essence of the 2nd order PDF

- Covariance (auto covariance)Cy(ty, t2) = E[{X,, —X¢,} {Xe,— X, }] = Rx(t1, t5) — my(t)mi(t2)

 The autocorrelation function (ACF) is:

Rx(t,ty) = E[X(t)X(t2)] = j j X1X2Px (X1, X3 ; t1, tp)dx1dx;

Autocorrelation is a measure of how alike the random process is from one time instant to another.
Q: What does the 2nd order PDF'’s tell us ?
Ans 2nd Order PDF Characterizes “Probabilistic

. » . : X(t) /\/\/\/\
Coupling” between RP values at each pair of times t; and //\ /\/ s

Example : What is the probability x(t,) and x(t,) are... \/ \/\/

.... both Positive? T
.... both Negative?

.... of Opposite Signs time, t T



Characterizing Stochastic processes: Highlight

Specifying RPs in terms of n-th order statistics : e.g.:
Gaussian Random process

Sinusoid with random phase

lID processes

Specifying RPs in terms of 1st order statistics:
Specifying full desc. Of RPs using 2"d order statistics :
Markov processes

Specifying RPs in terms of moment 1 and moment 2:
e.g. Poisson ((see Papoulis)): note : for Poisson we may find full desc. As well
1st order statistics:
mean E[X(t)] = E[n(0,t)] = At
and variance o? = E[x%(t)] — E[X(t)]? = At since E[x?(t)] = E[n?(0,t)] = At + A?t?
2nd order statistics Ry (t1,t,) = E[n(0,t)n(0,t,)] = E[n(0, t)n(ty, t,)] = 12t (t; — t,)

Specifying whether a RP process is stationary ( strict sense or WSS)
Specifying whether a RP is ergodic ( mean-ergodic , egodic in correlation( covariance) ,
distribution ergodic ,..., Papoulis ch. 12)

24
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Mean and Autocorrelation

* Finding the mean and autocorrelation is not as hard as it might
appear! (although higher moments are not easy to derive)

e Since many times a stochastic process can be expressed as a function of a
random variable ( you know functions of random variables).

* Example2: consider x(t)=Acos(2mrt+ 0) , where 0 is a RV according to a
given distribution and thus x(t) is just a function g(0) of O:

* Q: Which of our two “view points” is easier to think of for this example?
1. Collection of Waveforms & Pick One??? (view 1)
2. Sequence of RVs??? (view 2)

* A:Clearlyitis easier to view this random process as a collection of

waveforms from which you randomly pick one
Remember!!! — Both Views are Still Correct



Mean and Autocorrelation-example 2

* Here are 4 realizations (sample functions) of the
ensemble of this process

ML A e

LY LR N L —

A signal is randomly chosen
according to the PDF of
+ A Phase

VAL A
TVVTE  YVgyuT




Mean and Autocorrelation-example 2

* Looking at any one sample function doesn’t give the appearance of
being a random process !

BUT IT IS RANDOM! You don’t know ahead of time which you were
going to get.

In this case, randomness is best viewed as “not knowing which of
the infinite possible sample functions you will get”

So... now we have a model for a practical signal scenario. Now
What???
Do analysis to characterize the model !!!!




Mean and Autocorrelation-example 2- cntd.

* Example2-cntd.: consider x(t)=Acos(2rt+ 0) , where 0 is a RV according to
a given distribution and thus x(t) is just a function g(0) of O:

* To characterize this process:

* Task : Find the mean and the ACF of this process
& Ask: Is It WSS?

* We need to find the expected value of a function of a random variable:
i.e. g(0 )=Acos(2mrt+ 0)

* To do so you need to know the pdf of 0.
E[x(t)]=E[g(O)]=E[Acos(2mrt+ O)]




Example2 (Papoulis P.377)
X(t)=Acos(2mt+ 0), 0~U(-7, ):

X(t) E[Acos(Znt+6)] =A f cos(2nt+0)pg(0)do
=A[" cos(2nt 9) de
=A| . {cos(Znt)cos(O) — sin(2xt)sin(0)} ﬁ do
_A TC A . T . .
=— cos(2nt) J 7 cos(8) db — —sin(2nt) J_, sin(6)d6=0




Example2 (Papoulis P.377) 0 fff-« 9'_'];/* \
X(t)=Acos(2rmt+ 0), 0~U(-r, m): /\ m / m —
/ \
R(t,.t,)= E[Acos(2nt,+6)A cos(2xt,+0)] #U H_U \ ,,\L

= AZE[1/2{ cos(2n(t,+1,)+20) + cos(2n(t;-t,))}] cos(A + B) = cosA cosB - sin A sin B

=A2 [ 1/2{ cos(2n(t,+,)+20) + cos(2n(t,~t,)}pq (6)d0

o (T 1 5 (T a1

=A f—TC 1/2C0$(27’C(t1+t2)+29) Ede + A f—TC 1/2C0327'E(t1 t2) o do COS(a)COS(b)= 1/2{ COS(a + b) +COS(a _ b)}

A? T
=0 + _-cos2n(t;~t,) J_ do

AZ
== C0s2n(t, -t,)
A? R(‘C) COS(ZTE’C)

R(7) = 7C0827€(T) where T = (t;—t,)
Notel we didn’t use joint pdf for R(t,,t,), since /\ /b /\ =T
we could separate the cosine multiplication \/ \/ \/ \/

Note2 we see later that: x(t) is WSS
Note3 the samples at time t, and t, are

uncorrelated, not proved here

Autocorrelation function of a
sinusoid with random phase



Stationary Processes



Stationary Processes

* In a complete statistical description of a random processes, for any n,
and any(t, t,, ...,t, ), the joint PDF

F(x; t) — FX(tl),.. ,X(tn)(xli ""xn) — P{X(tl) < X1, ""X(tn) < xn}
IS given.

* This joint PDF in general depends on the choice of the time origin.

* In a very important class of random processes, the joint density
function is independent of the choice of the time origin. These
processes whose statistical properties are time independent are
called stationary processes.



Stationarity: Summary

There are different notions of stationarity.

e Strictly stationary: (SSS: Strict Sense
Stationary process ) If none of the
statistics of the random process are
affected by a shift in the time origin.
Strict-sense stationarity seldom
holds for random processes, except
for some Gaussian processes.
Therefore, weaker forms of
stationarity are needed.

Wide sense stationary (WSS): If the mean (e.g. above) and autocorrelation

X(t)

PDF of X(t)

33

-
~___
vl
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~
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function do not change with a shift in the origin time.

Cyclostationary: If the mean and autocorrelation function are periodic in time.

SN
T~
\

Nas

Time, t



SSS: Strict Sense Stationary process
The statistics of all the orders are unchanged by a shift in the time axis

Fxt,+0),.. x(tn+1) X1 0 Xn) = Fx(ep), .. x(t) (X1 oo X)) VN, V.0t
first-order strict sense stationary process, when F(x) = “P{X, < x}
* Or from n-th order we have fy(x;t) = fxy(x;t+c) foranyec.

* In particular c =—t gives fy(x; t) = fx(x)
* i.e., the first-order density of X(t) is independent of t. In that case
EX®)] = [__ xf(x)dx = p which is a constant

e Similarly, for a
second-order strict-sense stationary process we have

fx(x1, %25 t1,t2) = fx(x1,x2;¢61 + ¢, t5 + C) for any c.

* Forc=—1t, we get fx(xq,x2;t1,t2) = fx(xq, x5 t1 — t3)



SSS: Strict Sense Stationary process

One implication of stationarity is that the probability of the set of
sample functions of this process which passes through the windows of
the Fig.(a) is equal to the probability of the set of sample functions
which passes through the corresponding time shifted windows of Fig.
(b). Note, however, that it is not necessary that these two sets consist
of the same sample functions. The distributions (which are
probabilities are equal) . Equality in distribution

Tan ) Tas 31—|' | to+ T Tas
t > 1 [ —
th b t3 t + Tl b2 s+ T
—_— T aZ
az

Fig.(a) Fig.(b)



WSS: Stationarity in wide sense (or weak sense)
Specifying a stochastic process X(t) with its moments is a weaker condition than its distributions

A RP X(t) is WSS if its 1stand 2" order statistics ( mean and autocorrelation functions) are
time invariant, i.e.

X, =constant (e.g. E[X(t)]=u ) and
Risrs+r = Res VT, (i.e. R(t1,t2)=R(t))

in another word, correlation depends on the difference of t1,t2

Note: A WSS process has a constant variance

By definition:
o2 =E[(x(t) — x)?] = E[x?(t) — 2xx(t) + x?] = E[x%(t)] — 2xE[x(t)} + ¥ = Ry (0) — x*

Example of WSS: example2:x(t)=Acos(2mt+ 0), 0~U(-7t, 7t): Have shown that this process is WSS, i.e.

Mean = constant

ACF = function of T only

What is variance for this example? Variance of Sinusoid w/ Random Phase is:
A? A?

O',?=RX(O)—JZZ=7—O=?

Strict-sense stationarity = wide-sense stationarity
Reverse is not true

36



Autocorrelation and stationarity

Note: For WSS :
Rx (1) = RX(E% ty,0) = E[X(t; — t3)X"(0)]

j _[ 951352]3((0))(@2 tl)(xl Xy )dx1dx;

Rx(ty,t3) = Ry(t1,t1 + 1) = E[X(t)X"*(t, + T)] = j J X1 XD (X1, X5 T)dx1dxy; = Rx(T)

- J
e

Does not depend on t,if x(t) is stationary




Autocorrelation

Ry(7) Slowly fluctuating
random process

* |llustrating the autocorrelation

functions of slowly and rapidly
fluctuating random processes

1
* The autocorrelation for arandom gy
process eventually decays to zero
at large 1

Rapidly fluctuating
random process

Time lag, ©
e The autocorrelation for a

sinusoidal process is a cosine
function which does not decay to /\ /\

zero \ / \/“\/ \/ B




Properties of the Autocorrelation Function

* If x(t) is Wide Sense Stationary, then autocorrelation is a real function
and has the following properties:

R(0) = E{‘X(t)‘z} this is the second moment
R(7) =R(-7) even symmetry
R(0) > ‘R(r)‘



Process of independent increments

Xt, — Xt,» -, Xt —X. _, areindependent Vt, <t, <<t (c.f. disjoint
intervals)

X(t2) — X(t1) X(ta) — X (t3)

< > 4—>

| | | | »
£ to ta 1

P(N;=n.N;=n;) =P(N;=n,)P(N,=n)



Stationary Increments :

A stochastic process X(t) is said to have stationary increments if X(t,+s)-
X(t;+s) and X(t,)-X(t,) have the same distribution for all t, < t,, s > 0.

i.e. X; 7 — X; is a stationarity process VT (i.e. does not depend on t)

v

X(to + ) — X(t1 + 3)

Examples: see Garcia’s book



Ergodicity



Ergodic Processes - averages

For a strictly stationary process X(t) and for any function g(x), we can define
two types of averages: statistical average , time average

43



Time Average versus Ensemble Average

Example.

B X(t) is stationary.
BFor any t, X(t) is uniformly distributed over {1, 2, 3, 4, 5, 6}.
BThen ensemble average is equal to:

1-1+2-1+3-l+4-1+5-1+6£:3.5
6 6 6 6 6 6



Time Average versus Ensemble Average

* \We make a series of observations at time O, T, 2T, ..., 10T to obtain 1, 2, 3, 4, 3,
2,5,6,4, 1. (They are deterministic!)

* Then, the time average is equal to:

1+2+3+4+3+2+5+6+4+1
10 -

3.1
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Ergodic Processes - averages

For a strictly stationary process X(t) and for any function g(x), we can define
two types of averages: statistical average , time average

1. By looking at a given time t, and different realizations of the process, we
have a RV X(t,) with density function fx.y(x), which is independent of t,
since the process is strictly stationary.

For this RV, we can find the statistical average

(or ensemble average) of any function g(X) as M M M

Flaxon] = [ | 9@)f(0)dx B A A

4

X(z) PoFf| (1)
This value is, of course, independent of t,. = /




Ergodic Processes - averages

2. By looking at an individual realization (e.g realization i ), we have a deterministic function of time
X(t; w;). Based on this function, we can find the time average for a function g(x), defined as

T
< gx) >i= Th_r)](r)lo— g(X(t; w;)dt
—T

< g(x) >;is, of course, a real number independent of t but, in general, it is dependent on the
particular realization chosen (w; or i). Thus, for each w; we have a corresponding real number
< g(x) >;. Hence, < g(x) >;is the value assumed by a random variable. We denote this
random variable by < g(x) >;.

If it happens that for all functions g(x), < g(x) >;is independent of i and equals E[g (X (ty))], then
the process is called ergodic



Ergodic Processes

Definition 6.3. A stationary process( strict sense or WSS) X(t) is ergodic if for all functions g(x) and all w;€e€)

T

1 , _
Tll_r)roloﬁ _TQ(X(t, w;))dt = E[g(X(to))]

i.e., if all time averages are equal to the corresponding statistical averages, then the stationary process is ergodic.

A natural consequence of ergodicity is that in measuring various statistical averages (mean and
autocorrelation, for example), it is sufficient to look at one realization of the process and find the
corresponding time average, rather than considering a large number of realizations and averaging over them.



Ergodic Processes

Notel: many types of ergodic process e.g.
1-iid- see garcia

2- WSS
* Mean Ergodic, if g(x) = X(t)
* Correlation(covariance) Ergodic, if g(x) = Rx(T, 1)
 Distribution Ergodic (Papoulis ch.12)

Note2: Ergodicity is a very strong property. Unfortunately, in general, there exists no simple test for ergodicity. For the
important class of Gaussian processes, however, there exists a simple test.

Note3: for Stationary processes ensemble average is constant, while statistical average is a RV

49



Exercise

* For any RP we are interested to know whether it is Stationary (in what
sense) and ergodic

e Q: Characterize Sinusoidal Wave with Random Phase in terms of
stationarity and ergodicity?

* Q: what is mean-ergodicity?

* Q: what is necessary and sufficient condition for mean ergodicity?
* Q: what is sufficient condition for ergodicity?

* A: see Papoulis Ch. 12

* Note:Cx(ty,t;) = E[{X¢, _Ytl} {Xe, _Ytz}] = Rx(ty,t3) — my(t)mx(t)



Ergodic Process

* Experiments or observations on the same process can only be performed
at different time.

e “Stationarity” only guarantees that the observations made at different time
come from the same distribution.

* |t can be shown, for instance, that a WSS process with finite variance at
each instant and with a covariance function that approaches 0 for large
lags is ergodic in the mean.

* Note that a (nonstationary) process with time-varying mean cannot be
ergodic in the mean.



Ergodic Process

* Frequently, however, such ergodicity is simply assumed for
convenience, in the absence of evidence that the assumption
is not reasonable. Under this assumption, “the mean and
autocorrelation can be obtained from time-averaging on a single
ensemble member, through the following equalities: (here we don’t
require the pdf and joint pdf)

EA: = lim — t)dt 9.40
{x(t 11:11:C 21 t)c ( )

-
E{z(t)z(t+ 1)} = 11111 Ll x(t)z(t + 7)dt (9.41)
-T

* A random process for which (9.40) and (9.41) are true is referred as
second-order ergodic.



Stochastic processes
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Appendix




ERGODICITY QULATITAIVE DESC.

e Qualitative (but not precise) description: a random process
is said to be ergodic if its statistical properties (such as its
mean and autocorrelation function) can be deduced from a
single, sufficiently long sample (realization) of the process.
One can discuss the ergodicity of various properties of a
random process.



Ergodicity

Definition. A stationary process X(t) is ergodic in the mean if
1. P{Tlim < X(t) >r=my} =1 and

2. Tlim Var|< X(t) >7] =0

where

1 T
<X(D) >= Jim —— j X(t; w,)dt
—-T



Ergodicity

Theorem: Let X(t) be a WSS process with my(t) = m then

lim < X(t) >;=
T—-oo
in the mean square sense, if and only if
Tyl

1
Tll_r)gloﬁ 1 — ﬁCX(u)du =0

= . Y-

where, Cx(T) = E[X X¢47]
Proof: Garcia’s book page 541

In keeping with engineering usage, we say that a WSS process is mean
ereodic if it satisfies the conditions of the above theorem.




Ergodicity

Definition. A stationary process X(t) is ergodic in the autocorrelation
function if

1. P{lim Ry(t;T) = Ry(1)} = 1

2. lim Var|[Rx(t;T)] =0

T — o0

where
T

Ry(1;T) =< X(O)X(t + 1) >7= % X)X (t+1)dt
—T



Ergodicity

Theorem: Let X(t) be a WSS process with Ry (t{,t,) = Ry(t, —t;) = Ry (1)
then

Tlim < X)X+ 1) >=Rxy(1)

in the mean square sense, if and only if

|ul

1 T
lim Py [ 1 — —mCX(u)du =0
1

o 0 |




Ergodicity-sufficient condition

LdTheorem: a WSS random process is mean ergodic if

JOO |C(u)|du < o

a discrete-time WSS random process is mean ergodic if

i |C(k)| < oo

k=—c0

Proof:See papapoulis



Ergodicity

[JExample 9.48- Garcia 3" ed. Page 542
Q: Is the random telegraph process mean ergodic?

A:The covariance function for the random telegraph processis Cx(7) = e ~22I7l 5o the
variance of < X(t) >rofis

2 2T |u| 2 2T |u| .
VClT'[< X(t) >T] — ﬁj 1-— ﬁ CX(u)du :ﬁ 1— ﬁ e du
0 0

1 2T 1 — e—4aT
< —j e 20U dy =
0

T 2aT
The bound approaches zeroas T — oo so Var[< X(t) >;] — 0.
Therefore the process is mean ergodic.



Ergodicity- Discrete time

the time-average estimate for the mean and the autocorrelation functions of discrete time X,, are given by

T
1
<Xn 1= om z n

n=-T

T
1
< Xn+kXn >17= T + 1 Z Xn+kXn

n=-T

If X,,is @ WSS random process, then E[< X,, >r] and so < X,; > is an unbiased estimate for m. It is easy to
show that the variance of < X, >ris

2T
1 | k|
Varl< X >rl = o0 Z (1 ToT+ 1) Cx (k)

k=—2T
Therefore, < X,, >rapproaches m in the mean square sense and is mean ergodic if the expression in the



Ergodicity- Discrete time

Example 9.49 Ergodicity and Exponential Correlation p. 543 Garcia 3".ed.
Let X,,be a wide-sense stationary discrete-time process with mean m and covariance

function Cy (k) = o%p~ ¥l for |p| < k and k + 0, +1, +2, ...Show that X,, is mean ergodic.
The variance of the sample meani.e. < X,, >r is

. 2T ]
1 — 2 n~ |kl
2T + 1 2 ( 2T+1>“p

k=-2T

Var[< X, >7] =
1 $O 52,k — 202 1
ar41=k=09 P = o1,

Therefore, < X,, >rapproaches m in the mean square sense and is mean ergodic if the
expression in the above Eq. approaches zero with increasing T.

<



Ergodicity- Discrete time

Example 9.50 Ergodicity of Self-Similar Process and Long-Range Dependence
Let X,,be a WSS discrete-time process with mean m and covariance function

2
Cx(k) = = {lk + 12" — 2[k[* + |k — 1|*}for 1/2 < H < land k + 0, £1,£2, ...
X, is said to be second-order self-similar. investigate the ergodicity of X,,. We rewrite the variance of the

sample mean (i.e.< X,, >7= pv— T __rX,) as follows:
1 2T
Varl< ¥, >1] = G RZZT(ZT +1— [kl) Cx (k)
" —
= 2T + 1)Cx(0) + 2(2TCx(1 o+ 2Cx (2T

It is easy to show (See Problem 9.105) that the sum inside the braces isa? (2T + 1)?!Therefore
the variance becomes:

Var[< X, >7] =

22T 12H: 22T 12H—2
@r+12¢ G+ h7=o@r+1)

9.105. In Example 9.50 show that Var[< X,, >7] = 22T + 1)?#~2



Problem:9.105. In Example 9.50 show that Var[< X,, >7] = 0%(2T + 1)?H~2

2

o
2 X 2 X CX(ZT—1)=2><2><7{(2 2H_2 x (2T —W?H + (2T — 2)?1}
0.2
2x1x Cx(2T) =2 x 1 X 7{(2T + 1)2H=2%2T)?1 + (2T 34 1)}
Var[< X, >7] = - (2T + 1)?Hx 2 x 1 x o’ = o2(2T + 1)%H2
noTE T (2T + 1)2 2
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Ergodicity- Discrete time

Example 9.50 Ergodicity of Self-Similar Process and Long-Range Dependence
The value of H, which is called the Hurst parameter, affects the convergence behavior of the sample mean.

Note that if H=1/2, the covariance function Cy (k) = %azdk becomes which corresponds to an iid sequence.
2

In this case, the variance becomes which is the convergence rate of the sample mean for iid samples.

(2T+1)?
However, for H>1/2 the variance becomes
2

o)
T A

so the convergence of the sample mean is slower by a factor of (2T + 1

Var|< X,, >7] =

Y2H=1 than for iid samples.

The slower convergence of the sample mean when H>1/2 results from the long-range dependence of X,,. It
can be shown that for large k, the covariance function is approximately given by:

Cy(k) = 02H(2H — 1)k?H~2

For ¥%4<H<1, Cy(k)decays as kin where 0 < a < 1 ,which is a very slow decay rate. Thus

the dependence between values of X,, decreases slowly and the process is said to have a long
memory or long-range dependence.



